Abstract. This paper introduces the concept of ϕ Hille-Yosida operators and studies several generation theorems. We show that if a once-integrated semigroup {S(t)} t≥0 satisfies Φ(t) := limsup h→0 + 1 h
Introduction
It is well known that a linear operator A on a Banach space X is called a HilleYosida operator of type (M, ω 0 ) (see [4] ) if there exist M > 0 and ω 0 ∈ R such that (ω 0 , ∞) ⊆ ρ(A) and
By the Hille-Yosida theorem, an operator A generates a C 0 -semigroup if and only if it is a densely defined Hille-Yosida operator. But recently there has been a great deal of interest in operators that may not be densely defined. For example, in many population models, the operators under consideration are not densely defined. This paper will study once-integrated semigroups and semigroups generated by ϕ Hille-Yosida operators (Definition 2.10) that may not be densely defined.
We say that a Banach space-valued function f (·) defined on (0, ∞) (resp. on 
We say that f (·) is exponentially bounded if there exists ω 0 ∈ R, the set of all real numbers, such that ||f (t)|| = O(e ω0t ), as t → ∞.
Throughout, X is a Banach space, and A is a closed linear operator (not necessarily densely defined) on X. ρ(A), σ(A) are, respectively, the resolvent set and the spectrum of A.
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In Section 2 we will prove several Hille-Yosida theorems for once-integrated semigroups. It is surprising that if a once-integrated semigroup {S(t)} t≥0 satisfies Φ(t) := limsup h→0 1 h ||S(t + h) − S(t)|| < ∞ ∀t > 0 a.e., then Φ(·) will be locally bounded as well as exponentially bounded on (0, ∞). This and other related results seem to be significant improvements of some well known ones (see Theorems 2.4, 2.11, 2.13 and Corollary 2.12 of this paper). As a supplement of Section 2, in Section 3 we study the strong continuity of a semigroup generated by a ϕ Hille-Yosida operator on an extended space that contains X as a subset. As a special case, we examine the continuity of conjugate semigroups in a certain sense, which is similar to a result in [3, Section 5] .
To illustrate the theorems established in Sections 2 and 3, in Section 4 we offer three examples.
As regards the theory of integrated semigroups, regularized semigroups and their applications to partial differential equations, quite a few important achievements in this area were summarized in the monograph [4] by R. deLaubenfels. The interested reader will find the book of importance. Definition 1.1 ([1, 4, 5] ). Suppose W is a Banach space and ω 0 ∈ R. We say that g :
We recall that L The following lemma is similar to but different than [5, Theorem 2.2], so we offer a proof. 
(ii) There exists a constant K 2 > 0 such that g is infinitely differentiable and
we have
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(ii) → (i). We first assume that g is real-valued.
(ii) implies that
is completely monotonic ([14, p. 154] ), that is, 
By the uniqueness of the Laplace transform, we have
Denote them by G(t).
Then g is the once-integrated Laplace transform of G and
(1.2) follows with 
(ii) g is infinitely differentiable and there is a constant K 2 > 0 such that
.
2. Once-integrated semigroups generated by ϕ Hille-Yosida operators Definition 2.1 ( [1, 4] ). A strongly continuous family {S(t)} t≥0 of bounded linear operators on X is a once-integrated semigroup if the following are true:
Throughout, all once-integrated semigroups we are dealing with are nondegenerate.
Let {S(t)} t≥0 be a once-integrated semigroup and let x ∈ X. If y ∈ X is a solution of the equation
then y is uniquely determined by x by the nondegeneration. The proof of the following lemma can be found in [1, 11, 12] .
Lemma 2.3. For a once-integrated semigroup {S(t)} t≥0 , the following statements are true:
(i) If A is the generator of {S(t)} t≥0 , then t 0 S(s)x ds ∈ D(A) for all x ∈ X, t ≥ 0 and A t 0 S(s)x ds = S(t)x − tx. (2.2) (ii) If x ∈ D(A
), then S(t)x is continuously differentiable and
AS(t)x = S(t)Ax = d dt S(t)x − x ∀t ≥ 0. (iii) If A is closed and satisfies (2.2), then A is the generator of {S(t)} t≥0 .
Theorem 2.4. Let {S(t)} t≥0 be a once-integrated semigroup. For every t ≥ 0, denote
Φ(t) := limsup h→0 + 1 h ||S(t + h) − S(t)||. If Φ(t) < ∞ for t ≥ 0 a.e., then Φ(t) is bounded in every bounded interval [a, b] ⊂ (0, ∞).
Consequently, {S(t)} t≥0 is locally Lipschitz continuous on (0, ∞), and exponentially bounded, that is, there exists ω 0 ∈ R such that
To prove the theorem, we need the following lemmas.
Lemma 2.5. Φ(·) is measurable on [0, ∞).
Proof. Since S(t + h) − S(t) is strongly continuous on [0, ∞) for given h > 0, ||S(t + h) − S(t)|| is lower semi-continuous. Hence it is measurable, thus Φ(t) =
limsup h→0 + Lemma 2.6. Φ(·) satisfies Φ(t + s) ≤ Φ(t)Φ(s) for t, s ≥ 0 a.e.
Proof. From [S(t + h) − S(t)][S(s
we have Proof. We use the method employed in [6, 8] to prove the first conclusion. Assume
This implies that
||[S(t + s + k) − S(t + s)]x||
Since Φ(·) is measurable by Lemma 2.5 and finite almost everywhere, there exist a constant M > 0 and a measurable set
This is true for almost every t ∈ E n . Hence Φ(t) ≥ n/M ∀t ∈ E n a.e. Denote E := limsup n E n . Then m(E) ≥ t 0 /2 and Φ(t) = ∞ for almost every t ∈ E. This contradicts the fact that Φ(·) is finite a.e. It remains to show that Φ(·) is exponentially bounded. Denote K := sup{Φ(t) : t ∈ [1, 2]}. If t > 2, write t = n + q with n ∈ N, 1 ≤ q < 2. Then the exponential boundedness follows from
where ω 0 := ln(Φ(1)). (ii) A satisfies
The following theorem offers a Hille-Yosida type theorem for once-integrated semigroups that are automatically locally Lipschitz continuous and exponentially bounded.
Theorem 2.11. Suppose A is closed. Then the following are equivalent : (i) There exists ϕ satisfying the conditions in Definition 2.10 such that A is a ϕ Hille-Yosida operator.
( 
ii) A is the generator of a once-integrated semigroup {S(t)} t≥0 and there exists a constant K 1 > 0 such that
limsup h→0 + 1 h ||S(t + h) − S(t)|| ≤ K 1 ϕ(t) ∀ t ≥ 0 a.e.
with ϕ given in (i). (iii) A is the generator of a once-integrated semigroup {S(t)} t≥0 satisfying
limsup h→0 + 1 h ||S(t + h) − S(t)|| < ∞ ∀ t ≥ 0 a.e.
The left-hand side is integrable on the interval [0, 1]. (iv) A is the generator of a once-integrated semigroup that is locally Lipschitz continuous on (0, ∞), and the left-hand side of the expression in (iii) is integrable on [0, 1].
Proof. (i) → (ii) is an immediate consequence of Lemmas 1.3 and 2.9. (ii) → (iii). Obvious. (iii) → (iv) follows from Theorem 2.4. (iv) → (i). Define
ϕ(t) := limsup h→0 1 h ||S(t + h) − S(t)|| ∀ t ≥ 0. From Theorem 2.4, ϕ(·) ∈ L 1 loc (R + )
Corollary 2.12. Suppose A is closed. Then the following are equivalent : (i) A is a Hille-Yosida operator. (ii) A generates a once-integrated semigroup that is locally Lipschitz continuous on [0, ∞). (iii) A generates a once-integrated semigroup {S(t)} t≥0 satisfying
limsup h→0 + 1 h ||S(t + h) − S(t)|| < ∞, ∀ t ≥ 0 a.e.
and the left-hand side is bounded in a neighborhood of t = 0.
Assume {S(t)} t≥0 is a once-integrated semigroup generated by A satisfying the equivalent conditions in Theorem 2.11. Then {S(t)} t≥0 is locally Lipschitz continuous on (0, ∞) and
where K 1 is the constant in (ii) of Theorem 2.11. Let X 0 be the space of x such that S(t)x is continuously differentiable on (0, ∞). Then D(A) ⊆ X 0 by (ii) of Lemma 2.3. From (2.3) and an argument similar to [11, p. 262], we can show that X 0 is closed in X. Define
From the proof of [7, Proposition 2.2] {T 0 (t)} t>0 is a semigroup on X 0 that is strongly continuous and satisfies
Let A 0 be the part of A in X 0 . From (2.4) and Definition 2.2, x ∈ D(A 0 ) if and only if there exists y ∈ X 0 such that
We say that A 0 is the generator of {T 0 (t)} t>0 . We do not know if A 0 is densely 
is a semigroup on X generated by A and satisfies the properties in (i).
(
then {T 0 (t)} t>0 is of class (1, A) (see [6] ).
(i) and (ii) of Theorem 2.13 produce a new class of strongly continuous semigroups which are more general than the semigroups of class (1, A), since (2.5) may not be true in general (see Example 4.2).
Semigroups on extended spaces
Let A be a closed linear operator on X with ρ(A) nonempty. Given µ ∈ ρ(A), similar to [3, Section 5], [9, Section 3.1] and [10, Section 5], we define the following norm on X:
and let X µ be the completion of X under the norm || · || µ .
The following lemma can be found in the above-listed references. (
From (i) of Lemma 3.1, we may regard X µ as the same space endowed with the same topology defined in (3.1). Fix µ ∈ ρ(A) and denote X 1 := X µ , ||x|| 1 := ||x|| µ for every x ∈ X 1 . A 1 is thus the closure of A in X 1 .
Let {S(t)} t≥0 be the once-integrated semigroup satisfying the equivalent conditions in Theorem 2.11. Since ||S(t)x|| 1 ≤ ||S(t)|| ||x|| 1 for all x ∈ X, S(t) is bounded under the norm || · || 1 . Let S 1 (t) be the extension of S(t) on X 1 . Then {S 1 (t)} t≥0 is a once-integrated semigroup on X 1 that is locally Lipschitz continuous on (0, ∞). A 1 is clearly a ϕ Hille-Yosida operator on X 1 .
From Lemma 2.9 and (iii) of Lemma 3.1, one can show that
{S 1 (t)} t≥0 is thus nondegenerate and A 1 is the generator of {S 1 (t)} t≥0 . From (ii) of Theorem 2.13 and (ii) of Lemma 3.1 A 1 generates a semigroup {T 1 (t)} t>0 on X 1 that is strongly continuous and
1 means the derivative taken in the norm topology of X 1 . The following relations are clear:
where T 0 (·) is defined in Section 2. Moreover,
In [3, 9, 10] , {T 1 (t)} t>0 is called the intertwined semigroup generated by A.
The following proposition offers several equivalent conditions such that X is invariant under T 1 (t) for all t > 0 (see also [3, 9, 10] ).
Proposition 3.2. The following assertions are equivalent:
(i) {T 1 (t)} t>0 can be restricted to a semigroup of bounded linear operators on X that is strongly continuous.
iv) S(t) maps X into D(A).
We now consider the conjugate semigroups. Let Y be a Banach space and let X := Y * be the conjugate of Y and let B be a densely defined ϕ Hille-Yosida operator on Y . Then B generates a semigroup {T (t)} t>0 on Y that enjoys the properties in (ii) of Theorem 2.13. The conjugate A of B is also a ϕ Hille-Yosida operator. We show that for this A, the equivalent conditions in Proposition 3.2 are satisfied. LetS(t)y = t
0T (s)y ds(y ∈ Y, t ≥ 0) and let S(t) := [S(t)]
* . Then {S(t)} t≥0 is the once-integrated semigroup generated by A.
Theorem 3.3. For all x ∈ X we have S(t)x ∈ D(A).
Therefore {T * (t)} t>0 is strongly continuous in the topology induced by the norm || · || 1 on X.
Proof. Let y ∈ D(B) and let
it follows that By, S(t)x is a bounded linear functional of y ∈ D(B), therefore S(t)x ∈ D(A) and hence X is invariant under T 1 (t) for all t > 0 by Proposition 3.2. Recall that ||x|| 1 := ||(µ − A) −1 x|| for all x ∈ X. Let x n , x ∈ X be such that ||x n − x|| 1 → 0. Then for y ∈ D(B) and λ ∈ ρ(A),
This implies that the following calculation makes sense:
HenceT * (t) = T 1 (t). The theorem follows from Proposition 3.2.
Examples
The following example shows that the integrable condition in (iii) and (iv) of Theorem 2.11 may not be satisfied.
Example 4.1. Let X be the weighted Hilbert space of complex sequence pairs {(ξ n , η n )}, endowed with the norm
Define T (t) on X by the formula It is routine to show that
and hence {T (t)} t>0 is a semigroup of bounded linear operators on X. Clearly, {T (t)} t>0 is strongly continuous. Let t ∈ (0, π/2] and let m ∈ N be such that t ∈ [π/2 m+1 , π/2 m ]. Choose χ m := {(ξ n , η n )} ∈ X with all entries zero except for ξ 2 m = 1. Then
is decreasing for t ∈ [π/2 m+1 , π/2 m ] by the following calculation: 
{S(t)} t≥0
is thus a once-integrated semigroup and satisfies
which is not integrable on [0, 1].
The following example shows that there exists a ϕ Hille-Yosida operator A such that ϕ is unbounded in any neightborhood of zero and the semigroup generated by A is not of class (1, A). Define T (t) on X by the formula T (t)({(ξ n , η n )}) := {(ξ n (t), η n (t))} ∀ t > 0, where ξ n (t) := [exp(−t(n + 1))](ξ n cos nt − η n sin nt), η n (t) := [exp(−t(n + 1))](ξ n sin nt + η n cos nt).
It was shown in [6, p. 371 ] that {T (t)} t>0 is a semigroup strongly continuous for t > 0. Its generator, denoted by A, is densely defined, and ||T (t)|| ≤ (2et) We now show that the semigroup is unbounded in any neighborhood of zero. Let χ m := {(ξ n , η n )} be in X with all entries zero except for ξ m = 1. An easy calculation shows that
e 3π/2 . If we define ϕ(t) := ||T (t)||, then A is a ϕ Hille-Yosida operator. But (4.1) shows that {T (t)} t>0 is not a semigroup of class (1, A) .
The following example shows that there exist operators satisfying the equivalent conditions of Proposition 3.2.
